material microstructures in 2D and 3D and to quantitatively examine the information content of a given tomography data set. We find that highly accurate reconstructions can be obtained using only 20 to 40 projections for the systems that we consider here. This suggests that the typical tomography data set that includes thousands of projections for a single microstructure may contain redundant structural information that can be possibly reduced to a much smaller minimal set without losing the accuracy in reconstruction compared to those obtained from the larger data sets.
We explain our reconstruction procedure by considering a 2D binary material and the associated tomography data sets (i.e., projections) that are obtained using 2D parallel beam geometry. However, our procedure is general and can be applied to multiple phase materials, and other projection geometries. As schematically shown in Fig. 1 , parallel rays are sent through a material and a detector behind the material can register the intensity of the rays passing through the sample. If we denote the position of a ray at the detector by r for the projection associated with angle θ, the total attenuation of the ray p(r, θ) due to absorption is given by
where J 0 and J are the intensity of the incident and attenuated ray, respectively, and
and μ i is the attenuation coefficient of phase i and I (i) is the indicator function of phase i, which is equal to 1 if the point is in phase i and equal to 0 otherwise, i.e.,
It can be seen that the phase indicator functions completely specify the material microstructure [1] .
Thus, the goal of tomography reconstruction is to recover the phase indictor functions I (i) from the total attenuation (i.e., the projections) at different angles p(r, θ).
Our reconstruction procedure is inspired by the stochastic optimization scheme developed by Yeong and Torquato to generate virtual microstructures from prescribed statistical morphological descriptors of the microstructure, i.e., various correlation functions associated with different phases of the material [30] [31] [32] [33] . It works as follows. Given a prescribed set of tomographic projections (i.e., a set of total attenuation values at prescribed angles p(r, θ) associated with a binary material), a trial binary microstructure is randomly generated (e.g., by assigning a phase to a pixel with certain probability). 
Thus, the reconstruction problem is formulated as an energy minimization problem in which the trivial microstructure evolves in order to lower the associated energy E. Ideally, the "ground-state" trial microstructure, i.e., the one with E = 0 possesses a set of total attenuations that is identical to the actual microstructure. Such a "ground-state" structure is considered the reconstruction of the actual microstructure.
The energy minimization problem is solved using a simulated annealing procedure [34] . Specifically, given an old (or initial) trial microstructure (with an energy E old ), a new trial microstructure is generated by changing a randomly selected pixel of phase i to phase j (i ≠ j); or by switching the position of two randomly chosen pixels belonging to different phases. The former operation is to change the volume fraction of the phases while the latter is to re-distribute the phases to change the morphology of the trial microstructure. After a new trial microstructure is generated, its energy E new is computed using Eq. (4). The probability that this new trial microstructure will be accepted and will replace the old trial microstructure in the course of the evolution is given by
where T is an effective temperature. In the beginning of the simulated annealing process, T is chosen to be high, leading to an acceptance probability of roughly one half. Then the temperature is gradually decreased according to a prescribed "cooling schedule". In this way, the system is allowed to explore a sufficiently large configuration space so that it will not get stuck in shallow local energy minima. In this work, we use an exponential cooling schedule, i.e., T(t)/T 0 = γ t , where 0.95<γ<0.99. We note that although discrete reconstruction approaches using simulated annealing [35] or level-set method [36] were applied to reconstruct geometrically simple objects (e.g., the cross-section of a blood vessel) from a small number of projections, to the best of our knowledge, no stochastic optimization scheme has been devised for the reconstruction complex heterogeneous materials from limited tomography data.
To demonstrate the utility of our stochastic procedure, we have applied it to reconstruct a variety of Finally, we show that our reconstruction procedure is sufficiently robust to noises in the projection data. We introduce noises in the simulated projection data by randomly varying the totally attenuation values in each detector bin with a prescribed average amount and use the perturbed data as input for the reconstruction algorithm. Figure 4A shows the target image (i.e., a model microstructure of particle reinforced composite) and B, C and D show the reconstructions from noisy projection data randomly perturbed by 1%, 5% and 10%. As the noise level increases, more and more matrix-associated (black) pixels are found in the particle phase, which decreases the quality of reconstruction. However, the shape, size and spatial distributions of the particle phase are still apparent even at the highest noise level. These results clear indicate the robustness of our stochastic reconstruction method against noise. Stochastic reconstructions from experimental tomography data to be reported elsewhere [38] also suggest that our procedure is sufficiently robust to noises from different sources.
In summary, we have presented here a stochastic procedure to accurately reconstruct material microstructures from limited-angle projections. We have demonstrated the utility of this procedure by applying it to successfully reconstruct a number of complex microstructures. Our procedure also allowed us to elucidate the information content of the limited tomography data by quantitatively comparing the reconstructed microstructures to the target material. The fact that only a relative small number of projections are sufficient for each static microstructure suggests that our procedure could have fruitful applications in characterizing microstructure evolution over time (i.e., 4D materials science). For example, one could significantly improve the temporal resolution for the characterization of fast processes such as instable crack growth. to one another and are attenuated as they pass through the material sample. The intensity of the attenuated rays is obtained using a detector, from which the total attenuation p(r, θ) can be computed.
This figure schematically shows a profile of the total attenuation associated with angle θ. 
